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1 Introduction

Accurate and efficient calculation of high-dimensional integrals is of consid-
erable importance in various scientific disciplines, such as statistics, engineer-
ing, and finance [1,5,11]. Monte Carlo simulation is an indispensable tool for
calculating them. Although Monte Carlo simulation can avoid the curse of
dimensionality, it is notoriously known for its slow convergence. To tackle this
problem, various variance reduction techniques have been proposed to improve
the efficiency of the standard Monte Carlo estimator.

Variance reduction techniques, such as control variables, importance sam-
pling, conditional Monte Carlo, need additional mathematical treatments for a
specific problem, and substantial variance reduction could be obtained. Other
techniques, such as the antithetic variates estimator, Latin hypercube sam-
pling, moment matching, stratified sampling, systematic sampling, spherical
Monte Carlo, and quasi Monte Carlo, are generally applicable and do not re-
quire additional mathematical analysis. They seek procedures to produce sam-
ples appearing to be more evenly distributed in the desired space. Recently,
it becomes popular to combine two or more variance reduction techniques in
a specific application. For example, in pricing financial options, Glasserman
et al combine importance sampling and stratification [6], and Neddermeyer
combines importance sampling and quasi Monte Carlo method [8].

For variance reduction techniques, the amount of variance reduction could
be dissatisfied and difficult to analyze in advance. To overcome these prob-
lems, we provide a general framework using orthogonal projections. To start,
we review orthogonal projections in linear algebra. On the space of square
integrable functions, we regard the expectation as an orthogonal projection.
Consequently, the variance and squared expectation sum up to the squared
norm of the function. Then, we show that an orthogonal projection induces
an unbiased estimator which has a smaller variance than the standard estima-
tor, if its image consists of constant functions. However, how to construct an
explicit orthogonal projection of a function poses a challenge to this idea.

To conquer this challenge, we provide a feasible solution: We propose the
projection estimator using a group of symmetries of the probability space. The
sophisticated properties of a group enable us to calculate the average variance
ratio of the projection estimator to the standard estimator on a given finite-
dimensional vector space. This result helps us to determine if a projection
estimaftor has a smaller variance on average than the standard estimator.
A good introduction of group theory in abstract algebra can be found, for
example, in Fraleigh [4].

Furthermore, to analyze the variance reduction of a projection estimator
for a specific function, we decompose the function as the sum of its average
function and difference function using the concept of fundamental domains. We
show that the variance reduction is not less than the variance of the average
function. Doing so guides us in selecting the group of symmetries for a specific
problem.
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Indeed, through the idea of a group of symmetries, the projection estimator
is a generalization of the well-known antithetic variates estimator. Our frame-
work allows to provide new and finer analysis about the variance reduction
and efficiency of the antithetic variate estimator. As a note, extensions to the
antithetic variate estimator from different angels can be found in Park and
Choe [9] and Ren et al [10], for example.

We illustrate our method in a toy example using an indicator function
of two different region to contrast the antithetic variates estimator and the
projection estimator. Also, we apply our method to a classical problem in
financial engineering: pricing Asian options under the GARCH model.

The rest of this paper is organized as follows. Section 2 reviews the orthog-
onal projection and provides a variance reduction technique using orthogonal
projection. Section 3 proposes a projection estimator using the group of sym-
metries on the probability measure. With the projection estimator, Section 4
calculates the average variance ratio for a given space of functions, and Sec-
tion 5 analyzes the variance reduction for a specific function. The last section
concludes. All proofs are deferred to the Appendix.

2 Preliminaries

Let V be a vector space endowed with an inner product ⟨·, ·⟩. Let ∥ · ∥ denote
the norm on V given by ∥v∥ =

√
⟨v, v⟩. A linear transform P on V is an

orthogonal projection if it satisfies the following two conditions:

C1. P 2 = P .
C2. For any v, w ∈ V , ⟨P (v), w − P (w)⟩ = 0.

Figure 1 illustrates the geometry for v, P (v), and v − P (v) to illustrate the
idea of orthogonality. Consequently, we have the Pythagorean Theorem for
orthogonal projections:

∥v∥2 = ∥P (v)∥2 + ∥v − P (v)∥2.

v

P (v)

v − P (v)

Fig. 1 The relation of v, P (v), and v − P (v).

Denote the d-dimensional real vector space by Rd. Consider a d-dimensional
real-valued random vector X = (X1, . . . , Xd) defined on the probability space
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(Ω, σ(Ω), µ). Then, X induces a measure µX on Rd, such that for any inte-
grable function f on Rd, we have∫

Ω

f(X(ω))dµ(ω) =

∫
Rd

f(x)dµX(x).

Let a := b abbreviates that a is defined as b. Recall that the expectation of
f(X) is defined as

E
(
f(X)

)
:=

∫
Rd

f(x)dµX(x),

and the variance of f(X) is defined as

var
(
f(X)

)
:=

∫
Rd

(
f(x)− E

(
f(X)

))2
dµX(x).

Let F be the set of real valued functions on Rd so that, for f(x) ∈ F ,
both E

(
f(X)

)
and var

(
f(X)

)
are well-defined. Consider the standard inner

product on F given by

⟨f1, f2⟩ =
∫
Rd

f1(x)f2(x)dµX(x),

which induces a norm on F by

∥f∥2 = ⟨f, f⟩.

Then, E
(
f(X)

)
can be represented as the inner product of f and the constant

function 1,

E
(
f(X)

)
= ⟨f,1⟩.

In addition, the expectation defines a linear transform from F to R. Then, we
have the following lemma.

Lemma 1 The expectation defines an orthogonal projection PE given by

PE(f) := E
(
f(X)

)
.

Proof See Appendix A.

Similarly, var
(
f(X)

)
can be represented as the squared norm of f(x) −

PE
(
f(X)

)
,

var
(
f(X)

)
= ⟨f − PE

(
f(X)

)
, f − PE

(
f(X)

)
⟩ = ∥f − PE

(
f(X)

)
∥2.

Recall that Lemma 1 ascertains that the expectation is an orthogonal projec-
tion. Applying the Pythagorean theorem, we obtain

∥f∥2 = ∥PE
(
f(X)

)
∥2 + ∥f − PE

(
f(X)

)
∥2 = E

(
f(X)

)2
+ var

(
f(X)

)
. (1)
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∥f∥

E
(
f(X)

)

√
var

(
f(X)

)

Fig. 2 The relation of ∥f∥, E
(
f(X)

)
, and var

(
f(X)

)
.

Eq. (1) shows that the squared norm of f equals the sum of the squared
expectation of f(X) and the variance of f(X). It also provides a useful formula
to calculate the variance of f(X),

var
(
f(X)

)
= ∥f∥2 − E

(
f(X)

)2
. (2)

The relation of ∥f∥, E
(
f(X)

)
, and var

(
f(X)

)
is demonstrated in Figure 2.

For notational simplicity, we denote the standard estimator by

f := f(X).

Consider an orthogonal projection P . We denote the orthogonal projection of
a function f(x) by

P (f)(x),

which is also a function. We now define the projection estimator associated
with the orthogonal projection P as

P (f) := P (f)(X).

Theorem 1 Let P be an orthogonal projection on F such that P (F) contains
constant functions. Then for f(x) ∈ F , the projection estimator P (f) is an
unbiased estimator of E

(
f(X)

)
and has a smaller variance than the standard

estimator f . Specifically, we have

E
(
P (f)(X)

)
= E

(
f(X)

)
,

and

var
(
P (f)(X)

)
≤ var

(
f(X)

)
.

Proof See Appendix B.

Theorem 1 allows us to propose the projection estimator as a new category
of variance reduction techniques. However, it remains unclear how to explic-
itly construct a projection estimator through orthogonal projection. In the
next section, we introduce a systematic approach to construct a projection
estimator using a group of symmetries of the probability space.
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3 The projection estimator

We introduce symmetries of the probability space in Section 3.1, a group of
symmetries G in Section 3.2, and the projection estimator PG(f) in Section
3.3.

3.1 A symmetry of the probability space

A symmetry g of the probability space (Rd, µX) is a bijection from Rd to itself,
which preserves its structure of probability space. Abbreviate

gx := g(x) and gD := {gx : x ∈ D}

for a subset D of Rd. More precisely, a symmetry g needs to satisfy

µX(gD) = µX(D),

for any measurable subset D of Rd. This condition is equivalent to

dµX(gx) = dµX(x),

for any x ∈ Rd.
For illustration, let Nd(µ,Σ) denote the d-dimensional normal distribution

with mean vector µ and covariance matrix Σ. Let 0d and Id denote the zero
vector and identity matrix of size d, respectively. Then, Nd(0d, Id) denotes
the d-dimensional standard normal distribution. Let ∼ to indicate ”has the
distribution of”, and the superscript t to denote vector or matrix transpose.
Let ∥x∥ =

√
xtx denote the Euclidean norm of x.

Consider X ∼ Nd(0d, Id). Then, we have

dµX(x) =
1

(2π)d/2
e−∥x∥2/2.

To describe the symmetries of (Rd, µX), we recall that a d×d real matrix A is
an orthogonal matrix if AAt = Id. In this case, we have ∥Ax∥2 = ∥x∥2 for all
x ∈ Rd. As a result, each orthogonal matrix A defines a symmetry of (Rd, µX),
because it satisfies the equality,

dµX(Ax) =
1

(2π)d/2
e−∥Ax∥2/2 =

1

(2π)d/2
e−∥x∥2/2 = dµX(x).

When d = 2, there are two types of orthogonal matrices, namely rotations
and reflections. When d > 2, an orthogonal matrix A of size d is called a
rotation (respectively, reflection) if there exists a 2-dimensional subspace W
of Rd such that the restriction of A onW is a rotation (respectively, reflection),
and the restriction of A on the orthogonal complement of W is the identity
matrix of size (d − 2). Moreover, a general orthogonal matrix is a product of
rotations and reflections.
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g0(x1, x2) = (x1, x2)

g(x1, x2)

g2(x1, x2)

g3(x1, x2)

Fig. 3 An illustration of how symmetries g0(x1, x2) = (x1, x2), g(x1, x2) = (x2,−x1),
g2(x1, x2) = (−x1,−x2), and g3(x1, x2) = (−x2, x1), act on a point (x1, x2) in R2 with
µX ∼ N2(0d, Id).

An explicit example of symmetries for d = 2 is given as follows. Let
g(x1, x2) denote the clockwise rotation of 90◦ around the origin given by

g(x1, x2) = (x2,−x1),

which is indeed corresponding to the orthogonal matrix(
0 −1
1 0

)
.

Then, g(x1, x2) is a symmetry of (Rd, µX). In addition, the powers of g:

g0(x1, x2) = (x1, x2),

g2(x1, x2) = (−x1,−x2),

g3(x1, x2) = (−x2, x1).

are also symmetries of (R2, µX), because they are all rotations. Figure 3 depicts
how these four symmetries act on a point (x1, x2) in R2.

3.2 A group of symmetries

An abstract group is a set equipped with an operation that combines any two
elements to form a third element while being associative as well as having an
identity element and inverse elements. We denote the cardinality of G by |G|.

One important example of groups is the group of symmetries. For instance,
consider µX ∼ Nd(0d, Id). Let Od be the set of all orthogonal matrices of size
d. It is known that Od is a group (called the orthogonal group) under matrix
multiplication and it contains all symmetries of (Rd, µX). In this case, a group
of symmetries G of (Rd, µX) is a subset of Od such that G is a group under
matrix multiplication. It is easy to check if a finite subset of Od forms a group
by the following criterion.

A finite subset G of Od forms a group if it is closed under multiplica-
tion, i.e. for all g1, g2 ∈ G, we have g1g2 ∈ G.
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A simple way to construct a such group G is to choose an orthogonal matrix
A and consider the subgroup generated by A, namely

⟨A⟩ := {Ak|k ∈ Z}.

Note that the above set is finite when Ak = Id for some positive integer k. In
this case, we have

⟨A⟩ = {Id, A,A2, · · · , Ak−1}.
In general, one can select several orthogonal matrices and consider the sub-
group generated by them. We provide some examples of the group G as follows.

1. The trivial group is

G0 = {g1(x) := x} = ⟨g1⟩,

which consists of only the identity element.
2. The group of antithetic variate is

G = {g1(x) := x, g2(x) := −x} = ⟨g2⟩.

We will connect this group to the antithetic variate estimator soon in Ex-
ample 2 of Section 3.3.

3. The group of coordinate cyclic permuting is

G = {gk|k = 0, 1, · · · d} = ⟨g⟩,

where
g(x1, · · · , xd) := (xd, x1, · · · , xd−1).

There are a total of d elements in G.
4. The group of full coordinate permuting consists of all permutation on co-

ordinates. There are a total of d! such permutations.
5. The group of coordinate sign changing consists all elements of the form:

g(x1, · · · , xd) := (±x1, · · · ,±xd).

There are a total of 2d such elements.

3.3 The projection estimator PG(f)

For the rest of the paper, we denote G as a finite group of symmetries of
(Rd, µX). For any f ∈ F , we define the function fg associated with a given
g ∈ G by

fg(x) := f(gx) = f(g(x)).

Then, for g, g′ ∈ G, we have

(fg)g′(x) = (fg)(g
′x) = f(g′gx) = fg′g(x).

Recall that F is the set of real valued functions on Rd so that for f(x) ∈ F ,
both E

(
f(X)

)
and var

(
f(X)

)
are well-defined.
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Lemma 2 For any f ∈ F and g ∈ G, fg(X) is an unbiased estimator, and
fg remains in F .

Proof See Appendix C.
Since g is a symmetry of µX , we have

E
(
fg(X)

)
=

∫
Rn

f(gx)dµX(x) =

∫
Rn

f(y)dµX(g−1y) =

∫
Rn

f(y)dµX(y) = E
(
f(X)

)
.

Hence, fg(X) is an unbiased estimator. By the same token, we also have
E
(
fg(X)2

)
= E

(
f(X)2

)
. Now we have

var
(
fg(X)

)
= E

(
(fg(X))2

)
−E
(
fg(X)

)2
= E

(
f(X)2

)
−E
(
f(X)

)2
= var

(
f(X)

)
.

Because both E
(
fg(X)

)
and var

(
fg(X)

)
are well-defined, fg remains in F .

Now, we are ready to define the orthogonal projection of a function f(x)
associated with G as

PG(f)(x) :=
1

|G|
∑
g∈G

fg(x).

Because PG(f)(x) remains a function, we define the projection estimator as-
sociated with G as

PG(f) :=
1

|G|
∑
g∈G

fg(X).

Example 1 With G = {g1(x) := x}, PG(f) = f(X) is the standard estimator.

Example 2 Suppose X ∼ Nd(0d, Id). With G = {g1(x) := x, g2(x) := −x},

PG(f) =
1

2
(f(X) + f(−X))

is exactly the well-known antithetic variable estimator. For notational ease,
we define the antithetic variates estimator by

fAT :=
1

2
(f(X) + f(−X)) .

Lemma 2 ensures that fg is an unbiased estimator for all g ∈ G, and hence
the projection estimator PG(f) is also an unbiased estimator. Moreover, we
have the following theorem.

Theorem 2 The projection PG is an orthogonal projection and PG(F) con-
tains constant functions.

Proof See Appendix D.

Applying Theorems 1 and 2, we immediately obtain the following result.

Corollary 1 The projection estimator PG(f) is an unbiased estimator and
has a smaller variance than the standard estimator f .
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4 The average variance reduction

To understand the projection estimator, we first review the variance and effi-
ciency of an estimator in Section 4.1. Then, we study the average variance and
efficiency of a given finite-dimensional subspaces of F in Section 4.2. We pro-
vide an example to illuminate the idea of the average variance and efficiency
in Section 4.3.

4.1 The variance and efficiency

Following [7], we define the efficiency to take into account both the variance
and computing cost to implement an estimator. The efficiency of an estimator
h(X) is

eff(h(X)) =
1

var(h(X)) c(h(X))
, (3)

where c(h(X)) is the computing cost of evaluating h(x). An estimator having
a smaller variance or computing cost yields a larger value of efficiency. In
practice, an estimator with a higher efficiency is regarded as more efficient
and is preferred.

To compare different projection estimators, a simple proxy for the com-
puting cost is |G|, because if we set the same sample size for each estimator,
the computing time mainly differs in |G|. We hence define the efficiency by
cardinality for a projection estimator as

effc(PG(f)) =
1

var(PG(f))|G|
. (4)

On the other hand, recall Example 1 of Section 3.3 that the standard estimator
f is a special case of the projection estimator. As a result, the efficiency by
cardinality of the standard estimator is

effc(f) =
1

var(f)
.

However, a more realistic alternative for the computing cost is the com-
puting time of implementing an estimator. Thus, we define the efficiency by
computing time as

efft(h(X)) =
1

var(h(X))time(h(X))
, (5)

where time(h(X)) is the computing time of implementing an estimator. The
computing time is usually involved with the complexity of the functions, the
architecture of the algorithm, and the capability of the computer. If we split
the computing time into a sum of the sampling time and estimating time: The
former refers to the computing time in generating independent realizations,
whereas the later refers to the computing time in calculating multiple func-
tion values and taking an average of them. We note that we will provide the



On accelerating Monte Carlo integration using orthogonal projections 11

efficiency by computing time in a real application of pricing financial options
under GARCH model in Section 5.3. But, for tractable mathematical analysis,
we only focus on the efficiency by cardinality for the rest of this section.

A projection estimator PG(f) is said to be more efficient by cardinality
than the standard estimator f , if and only if,

effc(PG(f)(X)) > effc(f(X)).

Plugging the definitions of efficiency by cardinality, the above inequality equals

1

var
(
PG(f)(X)

)
|G|

>
1

var
(
f(X)

) ,
or equivalently,

var
(
f(X)

)
var
(
PG(f)(X)

) > |G|.

The left-hand-side of the above inequality implies that a projection estimator
is more efficient by cardinality than the standard estimator only when its
variance is |G| times less than that of the standard estimator.

Let G be an n-dimensional subspace of F containing constant functions.
The space G is called G-invariant, if for any f ∈ G, we have f(gx) ∈ G. In
this case, PG(G) is a subspace of G. Suppose that PG(G) is of m dimension.
Fix an orthonormal basis α = {f1, · · · , fn} of G, such that f1 is equal to
the constant function 1, and the first m functions span PG(G). Denote the
coordinate vector of f under the basis α by [f ]α = (x1, · · · , xn). Then, we can
calculate E

(
f(X)

)
, var

(
f(X)

)
, and var

(
PG(f)(X)

)
easily using [f ]α.

First, E
(
f(X)

)
can be written as

E
(
f(X)

)
= ⟨f, 1⟩ = x1.

Because f ∈ F , we obtain var
(
f(X)

)
as

var
(
f(X)

)
= ⟨f2, 1⟩ −

(
E
(
f(X)

))2
=

n∑
i=1

x2
i − x2

1 =

n∑
i=2

x2
i , (6)

where the summation is from i = 2 (rather than from i = 1). Similarly,
var
(
PG(f)(X)

)
equals

var
(
PG(f)(X)

)
=

m∑
i=2

x2
i . (7)

We recall that n and m denote the dimensions of G and PG(G), respectively.
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4.2 The average variance and efficiency ratio

Define the set of G where PG(f) is more efficient by cardinality than f by

A = {f ∈ G : effc(PG(f)(X)) > effc(f(X))}.

With Eqs. (6) and (7), we simplify A as

A = {f ∈ G :
var
(
f(X)

)
var(PG(f)(X))

> |G|.}

=

{
(x1, · · · , xn) ∈ Rn :

1

|G|

(
n∑

i=2

x2
i

)
>

(
m∑
i=2

x2
i

)}
.

This simplification indicates that whether a projection estimator is more ef-
ficient than the standard estimator depends on the function f through the
coefficients x1, . . . , xn.

Now let us define the average variance. First, let B(r) denote the ball
of radius r > 0 centred at the origin in G. Consider the standard Lebesgue
measure on G ∼= Rn. Define the average variance of functions in F on B(r) as

varr(G) :=
1

Vol(B(r))

∫
B(r)

var
(
f
)
df.

Here, Vol(B(r)) is the volume of the ball B(r). Likewise, define the average
variance of the projection estimator as

varr(PG(G)) :=
1

Vol(B(r))

∫
B(r)

var
(
PG(f)

)
df.

Given a fixed basis α, we obtain

varr(G) =
1

Vol(B(r))

∫
B(r)

n∑
i=2

x2
i dx =

n− 1

Vol(B(r))

∫
B(r)

x2
1dx, (8)

where the last identity follows by the symmetry of the ball. Similarly, we have

varr(PG(G)) =
m− 1

Vol(B(r))

∫
B(r)

x2
1dx. (9)

With Eqs. (8) and (9), the average variance ratio of PG(f) to f on B(r) is
independent of r:

varr(PG(G))
varr(G)

=
m− 1

n− 1
.

Let the radius approach to infinity to define the average variance ratio of PG(f)
to f ,

VG :=
var(PG(G))

var(G)
= lim

r→∞

varr(PG(G))
varr(G)

=
m− 1

n− 1
.
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If the average variance ratio VG < 1, we say that the projection estimator has
an on average smaller variance than the standard estimator. Note that the
average variance ratio only depends on m and n. While n is predetermined in
the original problem, the selection of G is critical because it directly affects m.
In other words, if we can construct a group G so that the dimension of PG(G)
is small, the associated projection estimator would has an on average smaller
variance than the standard estimator.

Now, we are ready to define the average efficiency by cardinality of an
estimator f(X), denoted by effc(f(X)), by simply replacing the variance with
the average variance. We say that a projection estimator is on average more
efficient than the standard estimator, if and only if,

effc

(
PG(f)(X)

)
> effc(f(X)).

Theorem 3 Let G be a G-invariant subspace G of F containing constant func-
tions. The projection estimator PG(f) is on average more efficient than the
standard estimator, if and only if,

(n− 1)

(m− 1)|G|
> 1.

Here, n = dimG and m = dimPG(G).

Theorem 3 implies that to have an on average more efficient project esti-
mator PG(f), both |G| and the dimension of PG(G) matter: A group G with
a larger |G| and a smaller m is preferred.

Let G and G′ be two finite groups of symmetries of µX . Suppose G are
both G-invariant and G′-invariant. By Theorem 3, G′ induces an on average
more efficient projection estimator than G if eff(fPG′ (X)) > eff

(
PG(f)(X)

)
.

Moreover, to compare multiple projection estimators associated with G with
the standard estimator, we define the average efficiency ratio of EG over f by

EG :=
eff
(
PG(f)(X)

)
eff(f(X))

=
(n− 1)

(m− 1)|G|
.

The one with higher average efficiency ratio is regarded as an on average more
efficient estimator.

4.3 An application of of Theorem 3: the antithetic variates estimator

Consider X ∼ Nd(0d, Id). Let

G = {g1(x) := x, g2(x) := −x}.

Recall Example 2 of Section 3.3 that PG(f) is the antithetic variate estimator.
Suppose d = 2 and consider the following two subspaces of functions.

(a) G1 = Span{1, x1, x2, x21, x1x2, x22}, the subspace of polynomials with degrees
less than or equal to two.
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Table 1 The dimension of G (n), dimension of P (G) (m), the cardinality of G (|G|), the
average variance ratio (VG), and the average efficiency ratio (EG).

G n m |G| VG EG

G1 6 4 2 3/5 5/6
G2 10 4 2 1/3 3/2

(b) G2 = Span{1, x1, x2, x21, x1x2, x22, x31, x21x2, x1x22, x32}, the subspace of poly-
nomials with degrees less than or equal to three.

We summarize the dimension of the subspace of functions, dimension of
the projected subspace of functions, the cardinality of G, the average variance
ratio, and the average efficiency ratio in Table 1. In the following, we compute
m for G1 in details. We can obtain m for G2 in a similar fashion, so we omit
the computation for brevity. Note that PG(G1) is spanned by

{PG(1), PG(x1), PG(x2), PG(x
2
1), PG(x1x2), PG(x

2
2)},

which is equal to {1, 0, 0, x2
1, x1x2, x

2
2}. Hence, the dimension of PG(G1) is 4.

Next, let us consider the general case. Suppose d ≥ 1 and G is a G-invariant
space of functions. For all f(x) ∈ G,

PG(f)(x) =
1

2
(f(x) + f(−x))

is also known as the even part of f(x). Therefore, PG(G) is the subspace
of G consisting of all even functions. In this case, the efficiency ratio of the

antithetic variates estimator PG(f) equals to
(n−1)
2(m−1) , which is larger than one if

m < (n+1)
2 . In other words, the antithetic variate estimator on G is on average

more efficient than the standard estimator if the dimension of the subspace of
even functions in G is small.

5 The variance reduction

We analyze the variance reduction of a specific function using its average and
difference function based on the concept of fundamental domain in Section 5.1,
provide a simple example to explain how to select the group G for a specific
problem in Section 5.2. We then illustrate the superiority of the projection
estimator in pricing Asian options under the GARCH model in Section 5.3

In Sections 5.2 and 5.3, we conduct numerical experiments to calculate
E (f(X)) using Monte Carlo simulation. Let N be the sample size and X(i)

be the i-th realization sampled from the given distribution for i = 1, . . . , N .
Then, we estimate E

(
f(X)

)
with the standard estimator f using its sample

mean,

1

N

N∑
i=1

f
(
X(i)

)
.
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We estimate E
(
f(X)

)
with the antithetic variates estimator fAT using its

sample mean,

1

N

N∑
i=1

fAT

(
X(i)

)
=

1

N

N∑
i=1

f
(
X(i)

)
+ f

(
−X(i)

)
2

.

Similarly, we estimate E
(
f(X)

)
with the projection estimator PG(f) using its

sample mean,

1

N

N∑
i=1

PG(f)
(
X(i)

)
=

1

N

N∑
i=1

 1

|G|
∑
g∈G

fg

(
X(i)

) .

To obtain accurate results, for the rest of this paper, we set a large number of
sample size N = 100, 000, i.e., we generate independent = 100, 000 realizations
for each of these three estimators f , fAT , and PG(f). We remark all simulation
results through out this paper are carried out using Matlab (R2019a) in a
desktop (Intel Core i9 CPU with 64 GB RAM).

5.1 The average and difference function based on the fundamental domain

Let G be a group of symmetries of a probability measure µX and let D be the
support of µX , which is a subset of Rn. For a point x in D, the G-orbit of x
is the set {gx : g ∈ G}. A subset of D, denoted as D0, is called a fundamental
domain under the action of G, if it contains exactly one point of each orbit of
G. (See [2] for more details about fundamental domains.) As a result, D can
be written as a union of {gD0 : g ∈ G}, namely

D =
⋃
g∈G

gD0.

In addition, a point x in D is contained in more than one of {gD0 : g ∈ G}
only when x is fixed by some non-identity element of G (i.e., gx = x, for some
non-identity g ∈ G). For the rest of this paper, we only consider the case where
the subset consisting of all points fixed by some g is of measure zero and D0

is assumed to be a measurable set.
In this case, we have µX(gD0) =

1
|G| and for any integrable function f(x),

E
(
f(X)

)
=

∫
Rd

f(x)dµX(x) =

∫
D

f(x)dµX(x) =
∑
g∈G

∫
gD0

f(x)dµX(x).

For illustration, Let D = [− 1
2 ,

1
2 ] × [− 1

2 ,
1
2 ] with the standard Lebesque

measure µX . Consider three groups of symmetries on D and their associated
fundamental domains:

1. For G = {g1(x, y) = (x, y), g2(x, y) = (−x,−y)}, one can choose D0 to be
the set {(x, y) ∈ D : x ≥ 0}.
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f(x) = fa(x) + fd(x)

Fig. 4 The decomposition of the function f(x) as fa(x) + fd(x).

2. For G = {g1, g2, g3, g4} where {gi(x, y), i = 1, 2, 3, 4} = {(±x,±y)}, one
can choose D0 to be the set {(x, y) ∈ D : x ≥ 0, y ≥ 0}.

3. For G = {g0, g, g2, g3}, where g(x, y) = (y,−x) is the clockwise rotation of
90◦, one can choose D0 to be the set {(x, y) ∈ D : x ≥ 0, y ≥ 0}.

Using the concept of fundamental domains, we decompose a function as a
sum of its average function and difference function as follows. For all g ∈ G,
let IgD0(x) be the indicator function of the set gD0. Then for all x ∈ D and
g, h ∈ G, it is easy to see that

1. ⟨IgD0
,1⟩ = 1

|G| ;

2. ⟨IgD0
, IhD0

⟩ equals to zero if g ̸= h; it equals to 1/|G| if g = h;
3.
∑

g∈G⟨IgD0
, f⟩ = E

(
f(X)

)
.

Define fa(x) as the average function of f(x) with respect to {gD0 : g ∈ G}:

fa(x) := |G|
∑
g∈G

⟨IgD0 , f⟩IgD0(x).

Moreover, define fd(x) be the difference between f(x) and its average function:

fd(x) := f(x)− fa(x).

With these definitions, a function f(x) can be written as a sum of its average
and difference functions.

Consider a simple example as follows. Suppose D = [− 1
2 ,

1
2 ] with the stan-

dard Lebesque measure µX and G = {g1(x) := x, g2(x) := −x}. Then we
can choose D0 = [0, 1

2 ]. Figure 4 shows the decomposition of a function f(x)
as a sum of fa(x) and fd(x). The main properties of such decomposition are
described in the following proposition.

Proposition 1 For any functon f ∈ F , the following identities hold.

1. E
(
f(X)

)
= E(fa(X)).

2. var
(
f(X)

)
= var(fa(X)) + var(fd(X)).

3. var
(
PG(f)a(X)

)
= var(PG(fa)(X)) = 0.

4. var
(
PG(f)d(X)

)
= var

(
PG(fd)(X)

)
≤ var(fd(X)).

Proof See Appendix E.
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Applying Proposition 1, we obtain Theorem 4 immediately which yields
the amount of variance reduction of the projection estimator PG(f) to the
standard estimator f .

Theorem 4 The amount of variance reduction of the projection estimator
PG(f) to the standard estimator f satisfies

var
(
f(X)

)
− var

(
PG(f)(X)

)
= var(fa(X)) +

(
var(fd(X))− var

(
PG(fd)(X)

))
≥ var(fa(X)).

Here, both fa(X) and fd(X) depend on the choice of the fundamental domain.

Theorem 4 implicates that, if var(fa(X)) is large, the amount of variance
reduction of PG(f) to f would be large. On the other hand, by Proposition 1,
we have

var
(
f(X)

)
= var(fa(X)) + var(fd(X)) = var(fa(X)) + var(f(X)− fa(X)).

Therefore, var(fa(X)) is large if and only if fa is close to f . As a result, for
a specific function f , the above arguments suggest to find a group G with a
suitable fundamental domain D0 so that fa is close to f .

Now, we apply Theorem 4 to give a finer result for the antithetic variates
estimator. Let G = {g1(x) := x, g2(x) := −x}. Then the G-orbit of x is
{x,−x}. Therefore, one can choose the fundamental domain D0 to satisfy the
condition that for all x ∈ D0, f(x) ≥ f(−x). In this case,

Rd = g1(D0)
⋃

g2(D0) = D0

⋃
(−D0).

Consider the following two functions

f1(x) = max{f(x), f(−x)} and f2(x) = min{f(x), f(−x)}.

Then, it is easy to see that

(a) f(x) = f1(x) if x ∈ D0;
(b) f(x) = f2(x) if x ∈ −D0;
(c) f1(x)− f2(x) = |f(x)− f(−x)| for all x ∈ Rd;
(d) f1(x) and f2(x) are both even functions, i.e. f1(x) = f1(−x) and f2(x) =

f2(−x) for all x ∈ Rd

Now for any x ∈ D0, by the definition of fa we have

fa(x) = |G|
∑
g∈G

⟨IgD0
, f⟩IgD0

(x) = 2

∫
D0

f(y)dµX(y)

= 2

∫
D0

f1(y)dµX(y) =

∫
Rd

f1(y)dµX(y) = E(f1(X)).

Similarly, for any x ∈ (−D0), we have

fa(x) = E(f2(X)).
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Now, we are ready to compute the variance of fa. Let e1 = E(f1(X)) and
e2 = E(f2(X)) for short. Since fa(x) is a constant function on both D0 and
(−D0), we have

var(fa) =
1

2

(
e1 −

(e1 + e2)

2

)2

+
1

2

(
e2 −

(e1 + e2)

2

)2

=
1

4
(e1 − e2)

2

=
1

4

(
E
(
f1(X)

)
− E

(
f2(X)

))2

=
1

4
E
(
f1(X)− f2(X)

)2
=

1

4
E
(
|f(X)− f(−X)|

)2
.

Together with Theorem 4, we obtain the following theorem, which implicates
that the more f(X) deviates from f(−X), the more variance reduction with
the antithetic variates estimator could be obtained.

Theorem 5 The amount of variance reduction of the antithetic variate esti-
mator fAT to the standard estimator f satisfies

var
(
f(X)

)
− var

(
fAT (X)

)
≥ 1

4
E
(
|f(X)− f(−X)|

)2
.

5.2 An illustration: Indicator functions of two different regions

In the following, we provide two examples to numerically verify the usefulness
of the proposed projection estimator. Let X = (X1, X2) ∼ N2(02, I2) and let
f(X) be the indicator function on the region R1 determined by the conditions

3X1 −X2 > 0.1 and −X1 + 2X2 > 0,

as depicted in Figure 5. We are interested in calculating

E (f(X)) =

∫
R2

f(x)dµX(x) =

∫
R1

dµX(x) = Prob(X ∈ R1).

In addition, we choose G to be the group of 8 elements generated by a rotation
of degree π/4 around the origin with a fundamental domain D0 as shown in
Figure 6. As a result, f is very close to fa and PG(f) shall has a small variance.

Table 2 compares the estimated variance of the standard estimator f , the
antithetic variates fAT , the projection estimator PG(f), and also the vari-
ance ratios to the standard estimator of fAT and PG(f). It is shown that the
projection estimator produces the least variance, followed by the antithetic
variates estimator, and the standard estimator. In addition, the projection es-
timator has a substantially smaller variance (a variance ratio of 141.3) than
the antithetic variates estimator (a variance ratio of simply 2.3).

Now, we consider a different region R2 determined by the conditions

(3X1 −X2 − 0.1)(−X1 + 2X2) > 0,
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Fig. 5 The region R1
Fig. 6 The fundamental do-
main D0

Fig. 7 The region R2

Table 2 The estimated mean and variance using the standard estimator f , antithetic vari-
ates estimator fAT , and the projection estimator PG(f).

Variance var
(
f(X)

)
var

(
fAT (X)

) var
(
f(X)

)
var

(
PG(f)(X)

)
f fAT PG(f)

0.104125 0.045305 0.000736 2.3 141.3

Table 3 The estimated mean and variance using the standard estimator f , antithetic vari-
ates estimator fAT , and the projection estimator PG(f).

Variance var
(
f(X)

)
var

(
fAT (X)

) var
(
f(X)

)
var

(
PG(f)(X)

)
f fAT PG(f)

0.21824 0.20175 0.00274312 1.1 79.6

as depicted in Figure 7. It is shown in Table 3 that the antithetic variates esti-
mator has unfortunately almost the same variance as the standard estimator
(a variance ratio of 1.1), but the projection estimator still has a substantially
smaller variance (a variance ratio of 79.6).

5.3 An illustration: GARCH option pricing

To demonstrate the superiority of the proposed projection estimator, we follow
the framework of GARCH option pricing in Duan and Simonato [3]. We use the
GARCH(1,1)-in mean to describe the daily asset return dynamics. Let St be
the asset price at date t, and σ2

t be the conditional variance of the logarithmic
return over the period [t, t+1], which is a day. The dynamics under the locally
risk-neutralized probability measure Q is

log
St+1

St
= r − 1

2
σ2
t+1 + σt+1εt+1,

σ2
t+1 = β0 + β1σ

2
t + β2σ

2
t (εt − λ)2,

εt+1|Ft
i.i.d.∼ N(0, 1),
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where β0, β1, β2 are the GARCH(1,1) parameters, r is the daily risk-free rate,
and λ is the unit risk premium (per unit of conditional standard deviation)
parameter that defines the conditional mean equation of the GARCH(1,1)-(in
mean) dynamics under the physical probability measure. Viewed from date t,
εt+1 is a standard normal random variable.

Let K be the strike price and T be the maturity. We denote the posi-
tive function by (·)+. The price of the Asian option is the expectation of the
discounted payoff function:

E

e−rT

(
1

T

T∑
t=1

St −K

)+
 , (10)

To formulate Eq. (10) as E
(
f(X)

)
, let S0 denote the initial stock price and

assume X = (X1, . . . , XT )
′ ∼ NT (0T , IT ). Then, we have

f(X) = e−rT

(
1

T

T∑
t=1

St−1e
r−σ2

t /2+σtXt −K

)+

,

where
σ2
t+1 = β0 + β1σ

2
t + β2σ

2
t (Xt − λ)2.

Because f(X) is complicated, there is no simple way to choose a suitable
group.

Next, we consider a group of coordinate sign changes as follows. Let

G = {g1(x), · · · , g8(x)},

with
gi(x) = (Ai1x1, Ai2x2, · · · , Aikxk, · · · ) (11)

and

A =



1 1 1 1 1 1 1
−1 1 −1 1 −1 1 −1
1 −1 −1 1 1 −1 −1
−1 −1 1 1 −1 −1 1
1 1 1 −1 −1 −1 −1
−1 1 −1 −1 1 −1 1
1 −1 −1 −1 −1 1 1
−1 −1 1 −1 1 1 −1


. (12)

Here, the subscript k of Aik is regarded modulo 7.
We compare three estimators in pricing Asian call options under the GARCH

model: (1) the standard estimator f (2) the antithetic estimator fAT and (3)
the projection estimator,

PG(f) :=
1

8
(f(g1(X)) + f(g2(X)) + · · ·+ f(g8(X))) ,

where gi(x) is defined through Eqs. (11) and (12).
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Parameter values are set as follows: S0 = 100, risk-free rate r = 0.10/252 =
3.9683 × 10−4 (i.e., an annualized risk-free rate of 10%), β0 = 0.00001, β1 =
0.70, β2 = 0.20, λ = 0.01, and σ2

1 = β0/(1−β1−β2) = 0.0001. In addition, we
vary the strike price K = 90, 95, 100, 105, 110 and maturity T = 20 (a month),
60 (a quarter), 120 (half year), 252 (a year), and 504 (two years).

To start, it is shown in Table 4 that these three estimators have very close
prices given the same parameters. In addition, the projection estimator has the
least variance, followed by the antithetic variates estimator, and the standard
estimator. It is interesting that the projection estimator has a substantially
smaller variance than the antithetic variates estimator. In addition, these two
estimators are particularly useful for in-the-money options.

Table 5 compares the efficiency by cardinality defined in Eq. (4) of each
estimator. Recall the number of sample points used in the standard estimator,
antithetic variates estimator, and projection estimator are 1, 2, and 8, respec-
tively. The projection estimator produces the highest efficiency by cardinality,
followed by the antithetic variates estimator, and the standard estimator. This
indicates that even though the projection estimator uses more sample points,
it still marginally dominates the other estimators in terms of efficiency by
cardinality.

Lastly, we compare the computing time and efficiency by computing time
defined in Eq. (5) for each estimator in Table 6. Each estimator takes about the
same computing time across different strike prices, but takes longer for longer
maturities. The standard estimator takes the least computing time, but the
projection estimator and the antithetic variates estimator take about the same
computing time. This is likely because generating random variables is more
time consuming than calculating multiple function values. As a result, the
projection estimator still produces the highest efficiency by time, followed by
the antithetic variates estimator, and the standard estimator. In terms of effi-
ciency by computing time, the projection estimator dominates the antithetic
variates estimator to a greater degree.

As a remark, this group remains applicable when T is not a multiple of 7.
For example, when T = 7, we set

g2(x) = (−x1, x2,−x3, x4,−x5, x6,−x7).

When T = 9, we set

g2(x) = (−x1, x2,−x3, x4,−x5, x6,−x7,−x8, x9).

Here, signs of x8 and x9 are equal to signs of x1 and x2, respectively.
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Table 4 The estimated mean and variance in pricing Asian options under the GARCH
model using the standard estimator f , antithetic variates estimator fAT , and the projection
estimator PG(f) with strike price K = 90, 100, 110 and maturity T = 20, 60, 120, 252, 504.

K
Mean Variance var

(
f(X)

)
var

(
fAT (X)

) var
(
f(X)

)
var

(
PG(f)(X)

)
f fAT PG(f) f fAT PG(f)

T = 20
90 10.3336 10.3362 10.3364 7.1370 0.0072 0.0015 990.8 4827.1
100 1.2443 1.2467 1.2461 3.0577 0.7629 0.1767 4.0 17.3
110 0.0042 0.0039 0.0035 0.0187 0.0081 0.0020 2.3 9.3
T = 60
90 10.9508 10.9738 10.9733 19.6675 0.1288 0.0261 152.7 754.1
100 2.3852 2.3943 2.3889 9.7174 2.1376 0.4537 4.5 21.4
110 0.0841 0.0848 0.0846 0.4864 0.2321 0.0662 2.1 7.3
T = 120
90 11.9134 11.9233 11.9228 37.6455 0.5453 0.1072 69.0 351.1
100 3.7488 3.7464 3.7512 21.1628 3.9164 0.7945 5.4 26.6
110 0.4354 0.4431 0.4433 2.9634 1.4583 0.3643 2.0 8.1
T = 252
90 13.8948 13.9132 13.9073 73.5481 1.9287 0.3326 38.1 221.1
100 6.2301 6.2461 6.2473 48.7523 7.4355 1.3394 6.6 36.4
110 1.8253 1.8168 1.8288 17.4959 6.9808 1.4084 2.5 12.4
T = 504
90 17.2790 17.2326 17.2369 137.2150 5.2350 0.8706 26.2 157.6
100 10.1828 10.1742 10.1986 106.7990 12.6402 2.1362 8.4 50.0
110 5.0299 5.0652 5.0428 62.9584 19.0828 3.0569 3.3 20.6
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Table 5 The estimated efficiency by cardinality in pricing Asian options under the
GARCH model using the standard estimator f(X), antithetic variates estimator fAT (X),
and the projection estimator PG(f)(X) with strike price K = 90, 100, 110 and maturity
T = 20, 60, 120, 252, 504.

K
Efficiency by Cardinality effc(fAT (X))

effc(f(X))
effc

(
PG(f)(X)

)
effc(f(X))

f fAT PG(f)

T = 20
90 0.14 69.42 84.54 495.4 603.4
100 0.33 0.66 0.71 2.0 2.2
110 53.38 62.11 61.75 1.2 1.2
T = 60
90 0.05 3.88 4.79 76.4 94.3
100 0.10 0.23 0.28 2.3 2.7
110 2.06 2.15 1.89 1.0 0.9
T = 120
90 0.03 0.92 1.17 34.5 43.9
100 0.05 0.13 0.16 2.7 3.3
110 0.34 0.34 0.34 1.0 1.0
T = 252
90 0.01 0.26 0.38 19.1 27.6
100 0.02 0.07 0.09 3.3 4.5
110 0.06 0.07 0.09 1.3 1.6
T = 504
90 0.01 0.10 0.14 13.1 19.7
100 0.01 0.04 0.06 4.2 6.2
110 0.02 0.03 0.04 1.6 2.6
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Table 6 The computing times (in seconds) and estimated efficiency by computing time
in pricing Asian options under the GARCH model using the standard estimator f , an-
tithetic variates estimator fAT , and the projection estimator PG(f) with strike price
K = 90, 100, 110 and maturity T = 20, 60, 120, 252, 504.

K
Computing Time Efficiency by Time efft(fAT )

efft(f)
efft

(
PG(f)(X)

)
efft(f)f fAT PG(f) f fAT PG(f)

T = 20
90 4.1 5.2 5.7 0.0344 26.8033 119.6820 779.6 3480.9
100 3.9 5.1 5.7 0.0829 0.2587 0.9968 3.1 12.0
110 3.9 5.1 5.6 13.5285 24.3237 87.7911 1.8 6.5
T = 60
90 6.1 8.8 9.7 0.0083 0.8785 3.9558 105.6 475.5
100 6.2 8.9 9.8 0.0166 0.0527 0.2250 3.2 13.5
110 6.1 9.0 9.8 0.3369 0.4802 1.5362 1.4 4.6
T = 120
90 9.3 15.3 14.5 0.0029 0.1202 0.6414 42.1 224.8
100 9.1 15.3 14.7 0.0052 0.0167 0.0857 3.2 16.6
110 9.2 15.2 14.6 0.0367 0.0450 0.1876 1.2 5.1
T = 252
90 15.7 25.9 24.8 0.0009 0.0200 0.1211 23.1 139.6
100 15.7 25.5 24.8 0.0013 0.0053 0.0301 4.0 23.0
110 16.0 25.9 24.9 0.0036 0.0055 0.0285 1.5 8.0
T = 504
90 26.9 43.0 45.2 0.0003 0.0044 0.0254 16.4 94.0
100 27.0 43.3 45.2 0.0003 0.0018 0.0104 5.3 29.8
110 26.7 42.9 45.1 0.0006 0.0012 0.0072 2.1 12.2
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6 Conclusion

This paper uses orthogonal projections to analyze the variance of an esti-
mator, and provides a novel projection estimator associated with a group of
symmetries of the probability measure as a variance reduction technique. For
a finite-dimensional space of functions, the average variance and the efficiency
ratio of the projection estimator could be explicitly derived. For a specific
function, a guidance on how to select the group of symmetries is given us-
ing the average function and the difference function. For further research, the
construction for the optimal projection estimator and applications to other
examples will be studied.
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Appendices

Appendix A: Proof of Lemma 1

Proof To prove that PE is a projection, we need to show that it satisfies the
conditions C1 and C2. For the condition C1, note that for any f ∈ F ,

P 2
E
(
f(X)

)
= PE(PE

(
f(X)

)
) = ⟨PE

(
f(X)

)
,1⟩ = PE

(
f(X)

)
.

Hence, we have P 2
E = PE. For the condition C2, for any f, g ∈ F , we have

⟨PE
(
f(X)

)
, g − PE[g]⟩ = ⟨PE

(
f(X)

)
, g⟩ − ⟨PE

(
f(X)

)
, PE[g]⟩

= PE
(
f(X)

)
⟨1, g⟩ − PE

(
f(X)

)
PE[g]

= PE
(
f(X)

)
PE[g]− PE

(
f(X)

)
PE[g] = 0.

As a result, PE is an orthogonal projection.

Appendix B: Proof of Theorem 1

Proof Let V0 be the space of constant functions. Since P (F) ⊃ V0, we have
P (F)⊥ ⊂ V ⊥

0 . For all f ∈ F , because (f − P (f)) ∈ P (F)⊥, it is clear that

E[f(X)− P (f)(X)] = ⟨f − P (f),1⟩ = 0.

As a result, the expectation of f(X) equals

E
(
f(X)

)
= E

[
P (f)(X)+f(X)−P (f)(X)

)
= E[P (f)(X)]+E[f(X)−P (f)(X)] = E[P (f)(X)].

In addition, we obtain

var[P (f)] + var[f − P (f)]

= ∥P (f)∥2 − E[P (f)(X)]2 + ∥f − P (f)∥2 − E[f(X)− P (f)(X)]2

= (∥P (f)∥2 + ∥f − P (f)∥2)− E[P (f)(X)]2 − E[f(X)− P (f)(X)]2)

= ∥f∥2 − E
(
f(X)

)2 − 0

= var
(
f(X)

)
,

where the last equality holds by Eq. (2). Therefore, we obtain

var
(
f(X)

)
= var[P (f)] + var[f − P (f)] ≥ var[P (f)].
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Appendix C: Proof of Lemma 2

Proof Since g is a symmetry of µX , we have

E
(
fg(X)

)
=

∫
Rn

f(gx)dµX(x) =

∫
Rn

f(y)dµX(g−1y) =

∫
Rn

f(y)dµX(y) = E
(
f(X)

)
.

Hence, fg(X) is an unbiased estimator. By the same token, we also have
E
(
fg(X)2

)
= E

(
f(X)2

)
. Now we have

var
(
fg(X)

)
= E

(
(fg(X))2

)
−E
(
fg(X)

)2
= E

(
f(X)2

)
−E
(
f(X)

)2
= var

(
f(X)

)
.

Because both E
(
fg(X)

)
and var

(
fg(X)

)
are well-defined, fg remains in F .

Appendix D: Proof of Theorem 2

Proof First, we show that PG is a linear transformation. For f1, f2 ∈ F , and
α ∈ R, it is clear that

PG(f1 + αf2)(x) =
1

|G|
∑
g∈G

(f1 + αf2)(gx)

=
1

|G|
∑
g∈G

(f1(gx) + αf2(gx))

=
1

|G|
∑
g∈G

f1(gx) +
1

|G|
∑
g∈G

αf2(gx)

= PG(f1) + αPG(f2).

Therefore, we conclude that PG is a linear transformation on F .
Next, let us show that PG = P 2

G. For all f ∈ F and all g ∈ G,

PG(fg) =
1

|G|
∑
g′∈G

f(gg′x) =
1

|G|
∑
g′′∈G

f(g′′x) = PG(f(x)).

Here we use the property that the multiplication by g from left just permutes
elements of G. Therefore, it does not change the summation. Now we have

PG(PG(f(x))) =
1

|G|
∑
g∈G

PG(f(gx)) =
1

|G|
∑
g∈G

PG(f(x)) = PG(f(x)).

Second, let us show that for f1, f2 ∈ F , ⟨PG(f1), f2 − PG(f2)⟩ = 0, or equiva-
lently ⟨PG(f1), PG(f2)⟩ = ⟨PG(f1), f2⟩. Now we have

⟨PG(f1), PG(f2)⟩ =
1

|G|2
∑
g∈G

∑
g′∈G

∫
Ω

f1(gx)f2(g
′x)dµ(x)


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Now let us change the variable x by y = g′x. Together with the property that
dµ(gx) = dµ(x) and multiplying g′−1 from right is a permutation on G, we
can rewrite the above equation as

⟨PG(f1), PG(f2)⟩ =
1

|G|2
∑
g′∈G

∑
g∈G

∫
Ω

f1(gg
′−1y)f2(y)dµ(g

−1y)


=

1

|G|2
∑
g′∈G

∑
g∈G

∫
Ω

f1(gg
′−1y)f2(y)dµ(y)


=

1

|G|2
∑
g′∈G

∑
g∈G

∫
Ω

f1(gy)f2(y)dµ(y)


=

1

|G|

∑
g∈G

∫
Ω

f1(gy)f2(y)dµ(y)

 = ⟨PG(f1), f2⟩.

We conclude that PG is an orthogonal projection. For the last part of the
theorem, it is clear that PG(1) = 1 which implies that P (F) ⊃ P (R) = R.

Appendix E: Proof of Proposition 1

Proof Let ag = ⟨IgD0
, f⟩ for short.

(1) Consider the following equations.

E(fa(X)) = ⟨fa,1⟩ = |G|
∑
g∈G

ag⟨IgD0 ,1⟩ =
∑
g∈G

ag = E
(
f(X)

)
.

(2) Consider the following equations.

⟨fa, f⟩ = |G|
∑
g∈G

ag⟨IgD0
, f⟩ = |G|

∑
g∈G

(ag)
2

On the other hand, we have

⟨fa, fa⟩ = |G|2
∑
g∈G

∑
h∈G

agah⟨IgD0 , IhD0⟩ = |G|
∑
g∈G

(ag)
2 = ⟨fa, f⟩

From the above result, we have

⟨fa, fd⟩ = ⟨fa, f − fa⟩ = ⟨fa, f⟩ − ⟨fa, fa⟩ = 0,

which implies the following

var
(
f(X)

)
= ⟨f, f⟩ = ⟨fa+fb, fa+fb⟩ = ⟨fa, fa⟩+⟨fb, fb⟩ = var(fa(X))+var[fb].

(3) By definition, we have

PG(fa)(x) =
∑
h∈G

∑
g∈G

agIgD0(hx).
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Note that hx ∈ gD0 if and only if x ∈ h−1gD0. We can rewrite the above
equation as

PG(fa)(x) =
∑
g∈G

ag

(∑
h∈G

Ih−1gD0
(x)

)

=

∑
g∈G

ag

(∑
h′∈G

IhD0
(x)

)

= E
(
f(X)

)(∑
h∈G

IhD0
(x)

)
.

Here we use the fact that {h−1g : h ∈ G} equals to G as a set. Next, consider

PG(f)a = |G|
∑
g∈G

⟨IgD0
, PG(f)⟩IgD0

(x)

=
∑
g∈G

〈
IgD0(x),

∑
h∈G

f(hx)

〉
IgD0(x)

=
∑
g∈G

∑
h∈G

⟨IhgD0
(x), f(x)⟩ IgD0

(x)

=
∑
g∈G

(∑
h∈G

ahg

)
IgD0

(x) =
∑
g∈G

(∑
h∈G

ah

)
IgD0

(x)

=

(∑
h∈G

ah

)∑
g∈G

IgD0
(x)

 = PG(fa).

Combing the above two results, We have shown that

PG(f)a = PG(fa) = E
(
f(X)

)(∑
h∈G

IhD0
(x)

)

which is a constant function except on a measure zero set. implies that var
(
PG(f)a(X)

)
=

var
(
PG(f)a(X)

)
= 0.

(4) Applying (3), we have

PG(fd) = PG(f − fa) = PG(f)− PG(fa) = PG(f)− PG(f)a = PG(f)d.

Together with Corollary 1, we have

var
(
PG(f)d(X)

)
= var

(
PG(fd)(X)

)
≥ var(fd(X)).


